We study whether applying lattice projectors on a vector-like Ginsparg-Wilson Dirac operator is the only way to construct left-handed lattice fermions. Using RG transformations we derive an equation for the generating functional on the lattice, obtained by blocking from the continuum.
Introduction
Understanding the implementation of chiral symmetry for vector-like theories on the lattice was one of the major achievements in this field. The central equation which governs chiral symmetry on the lattice is the Ginsparg-Wilson (GW) relation [1] This quadratic equation is the lattice manifestation of the anti-commutator γ 5 D + Dγ 5 = 0, which a massless vector-like Dirac operator D obeys in the continuum. Based on this equation a wealth of beautiful structure was discovered, such as the lattice version of chiral symmetry [2] and the relation to gauge field topology through the index theorem and the axial anomaly [3] . Solutions of (1.1) are given by the overlap operator [4] and fixed-point fermions [5] .
Once the vector-like chiral symmetry was understood on the lattice, this opened the door towards the construction of chiral, e.g., left-handed lattice fermions. The goal of such a construction is to find the lattice form of left-handed fermions, described by a projected continuum Dirac operator
A natural candidate for a left-handed lattice Dirac operator is obtained by projecting a vectorlike solution D of the Ginsparg-Wilson equation:
A projector [1 + γ 5 ]/2 is applied from the left. When using the Ginsparg-Wilson equation (1.1), the projection from the left can be rewritten into a left-handed projector with a modified γ 5 -term, acting from the right. This type of projection and its consequences for chiral gauge theories were analyzed in various papers (see [6] for a selection). Since in (1.3) the projections from the left and from the right appear in an asymmetric way, we refer to the construction (1.3) as the asymmetrically projected Dirac operator and indicate the asymmetry by the superscript a in D a
− . An interesting aspect is the fact that the projected operator D a − does not obey the GW equation (1.1). This is potentially worrisome since the left-handed continuum operator D − does anticommute with γ 5 , 4) and the GW equation is the lattice manifestation of this anti-commutator. This observation raises the question whether all of the symmetry of left-handed continuum fermions has been transported onto the lattice in an optimal way. A possible source of complications might be the fact that first the symmetries of a vector-like theory were transported onto the lattice and the chiral projectors were then constructed from the vector-like objects.
In this paper we study whether first constructing the vector-like lattice Dirac operator which obeys (1.1), followed by the subsequent projection (1.3), is the only way to obtain left-handed lattice fermions. As an alternative idea we omit the intermediate step of a vector-like lattice theory and analyze the possibility to directly map the symmetries of left-handed continuum fermions onto the lattice. We show that left-handed lattice fermions should obey two equations which have a structure similar to the Ginsparg-Wilson relation, i.e., are quadratic equations for a left-handed lattice Dirac operator D − . We refer to these equations as the chiral Ginsparg-Wilson equations (χ-GW). We demonstrate that if a left-handed lattice Dirac operator D − obeys both of them, it also obeys the vector-like GW equation, i.e., implements correctly also the anti-commutator (1.4) from the continuum. Assuming the existence of a solution of the χ-GW equations, we show that a closed algebra of projectors emerges.
We analyze the relation between the continuum symmetries and their lattice counterparts further by blocking free continuum fermions onto the lattice. The continuum action we use, as well as our blocking kernel contain free parameters. In the action these parameters allow to interpolate between vector-like and chiral fermions, while in the blocking kernel the parameters can be used to switch on and off the mixing of different components in the blocking procedure. The lattice fermion action is obtained as a function of our parameters and we discuss different limits of their values which are related to left-handed fermions.
Mapping continuum symmetries onto the lattice
In this section we discuss how symmetries of the continuum theory manifest themselves in the generating functional on the lattice, which is constructed by blocking from the continuum.
The generating functional and its symmetries
The starting point of our analysis is the equation which defines the Dirac operator D on the lattice through a blocking transformation from the fermionic continuum action S F :
The lattice fermions are denoted by ψ, ψ and we use vector/matrix notation for all indices (spacetime, color, Dirac). Φ, Φ are the fermion fields in the continuum which enter the path integral on the right-hand side. Through integrating over hypercubes which are centered at the points of the lattice one constructs from them the blocked fields Φ B , Φ B . These then live on the sites of the lattice and consequently they have the same indices as the lattice fields ψ, ψ, in particular a discrete spacetime index. The blocking kernel B determines how the blocked fields Φ B , Φ B and the lattice fields ψ, ψ are mixed in the bilinear form in the exponent. We remark, that Eq. (2.1) is understood in a background gauge field which also has to be blocked in a suitable way [7] . The work by Ginsparg and Wilson [1] starts from Eq. (2.1) and analyzes its behavior under a chiral rotation of the lattice fields. Hasenfratz et al explore this equation by analyzing its saddle point [8] .
Here we take a slightly different approach and consider the generating functional on the lattice defined as
where we have coupled sources J and J to the lattice fermions. Inserting the exponential of the action from Eq. (2.1) we find an expression for the generating functional through a blocking prescription:
In the last step we have already solved the Gaussian integral over the lattice fields and obtain an expression for the lattice generating functional in terms of a continuum path integral. We now explore how a symmetry of the continuum fermion action S F affects the lattice generating functional W [J, J]. In particular we consider a transformation of the continuum fields,
The generators T , T of the transformations we consider here are Dirac matrices 1 . This implies that the blocked fields Φ B and Φ B transform in the same way, since the blocking from Φ, Φ to Φ B , Φ B is a purely scalar operation, in other words, the blocked fields are essentially linear combinations of the continuum fields. We stress that the generators T and T are independent transformations, i.e., Φ and Φ need not transform in the same way.
Let us now assume that the transformation (2.4) is a symmetry of the action,
We can also evaluate the integral over the continuum fields in the last line of (2.3) using the transformed variables Φ ′ , Φ ′ . Doing so and exploring the invariance of the action, we obtain
In the last step we have transformed the measure of the continuum path integral and taken into account that the transformation (2.4) could be anomalous with the anomaly A T T showing up in the Jacobian of the transformation [9] . Since later we will evaluate all expressions up to O(ε) we have kept only the leading term of the Jacobian. For non-anomalous transformations T , T one has
Inserting the result (2.6) back into the expression (2.3) for the generating functional we find that the continuum symmetry (2.4), (2.5) implies the following symmetry of the generating functional on the lattice:
Equation (2.7) summarizes how a continuum symmetry reflects itself in the lattice generating functional W [J, J] constructed through blocking.
Identification of the corresponding lattice symmetries
Having analyzed the manifestation of a continuum symmetry, we now want to identify a corresponding symmetry on the lattice which also fulfills the symmetry condition (2.7). For that purpose we consider transformed lattice fields
The two transformations M, M are not yet known and we want to identify how they depend on T , T and the blocking kernel B. The fact that the transformation should be a symmetry of the lattice action implies
For later use we remark that when expanded in ε, the invariance condition (2.9) at O(ε) implies the commutation relation
As we have done for the continuum expression in the last section, we now express the generating functional (2.2) in terms of the transformed fields ψ ′ , ψ ′ and explore the implications of the symmetry (2.9),
The two Jacobi determinants up front come from the transformation of the measure on the lattice. Using the formula det A = exp(tr log A) we can expand them as
Combining the last two equations we find the symmetry relation for the generating functional which is implied by the lattice symmetry (2.9),
Now the key idea is to compare the symmetry condition (2.13) from the lattice transformation to the corresponding continuum relation (2.7). By setting the two equal we obtain the equation
(2.14)
which we can use to identify the lattice transformation M, M which matches the continuum transformation T , T . The last step is to insert the explicit form of the generating functional, 
The last equation holds for arbitrary ε and arbitrary sources J, J. Thus the terms bilinear in J and J, as well as the O(ε) terms independent of J, J have to match. For the latter term we conclude
and thus have identified the lattice counterpart of the continuum anomaly. The terms bilinear in the sources J, J lead to a symmetry relation for the quark propagator,
When expanding in ε one obtains at O(ε)
This equation is solved by 
which is a generalization of the GW equation (see also [8] for a similar result). When inserting the explicit form (2.20) into the anomaly equation (2.17) one obtains the final form for the anomaly
It is easy to check that when blocking a vector-like continuum theory with a blocking kernel B = 2 · 1, and considering a chiral rotation in the continuum, the equation (2.21) reduces to the usual GW relation (1.1), the generators M, M of (2.20) are the generators of Lüscher's symmetry [2] and the anomaly assumes the form
(2.23)
Symmetries of left-handed fermions
Having established the general connection between symmetries in the continuum and their lattice counterparts, we can start to focus on the case of left-handed fermions.
Symmetries in the continuum
To identify a suitable continuum symmetry which is specific for left-handed fermions we consider the Euclidean action
The left-handed Dirac operator D − in the continuum is given by
where D µ denotes the covariant derivative.
The action defined through (3.1) and (3.2) has several symmetries. Here we focus on two symmetry transformations which are not shared by a vector-like theory and are particular for the left-handed action. We consider the two relations
which we will use for characterizing the left-handed Dirac operator on the lattice. Summing (3.3) and (3.4) one obtains the anti-commutator (1.4). We stress however, that the anti-commutator (1.4) is not specific for left-handed fermions, since it is also obeyed by the massless vector-like Dirac operator. On the other hand (3.3) and (3.4) are not symmetries of the vector-like operator and thus are suitable for characterizing left-handed fermions.
The lattice counterparts of the continuum symmetries
The next step is to identify the lattice symmetries that correspond to (3.3) and (3.4). We begin with the first equation (3.3). The corresponding symmetry transformation is characterized by T = 1 and T = γ 5 . Using these in the expression (2.20), which identifies the corresponding symmetry transformation on the lattice we obtain
In this formula D − denotes the Dirac operator of the target theory, i.e., left-handed fermions on the lattice. Inserting this into Eq. (2.10), which expresses the symmetry on the lattice, we obtain the following equation for the Dirac operator:
This relation is the lattice equivalent of the continuum equation (3.3) and we refer to it (together with (3.8) below) as the chiral Ginsparg-Wilson relation (χ-GW). Similar to the vector-like GW relation (1.1), we have obtained a quadratic piece on the right-hand side. The blocking kernel B has dimension of 1/length, such that when introducing the lattice constant a as scale, the right-hand side obtains an extra factor of a. Thus in a naive continuum limit, a → 0, the right-hand side vanishes and the commutation relation (3.3) of the continuum is recovered.
In exactly the same way we can transport the second basic continuum symmetry (3.4) onto the lattice. In this case the continuum generators are T = −γ 5 and T = 1 and one obtains the corresponding lattice symmetry generators
We stress the fact that this symmetry corresponds to the second continuum relation (3.4) by denoting the corresponding lattice symmetry generators by M, M and the lattice Dirac operator by D − . The equation D − has to obey again follows from (2.10) and reads
This is the second χ-GW relation.
The two χ-GW relations (3.6) and (3. If for the moment we assume that such a common solution D − = D − exists, then we can subtract (3.8) from (3.6) and obtain
Thus if D − obeys both χ-GW relations (3.6), (3.8) , it obeys also the vector-like GW equation (3.9) which is the lattice form of the continuum anti-commutator (1.4). At this point we stress that the last argument works both ways: If a lattice Dirac operator D − solves one of the two χ-GW relations and the vector-like GW (3.9), then it also solves the other χ-GW. Thus obeying any two of the equations (3.6), (3.8) and (3.9) is equivalent to obeying all three of them.
Let us conclude this section with a few remarks on possible solutions of the two χ-GW relations (3.6) and (3.8) . It is obvious, that a Dirac operator of the form 10) which is obtained by projecting some lattice operator D 0 on both sides, trivially obeys (3.6) and (3.8), since for both equations left-and right-hand sides vanish identically. Unfortunately such a double sided projection rules out a term proportional to 1 which is needed for removing the doublers 2 . At the moment the structure of a joint solution for both χ-GW equations, whether such a joint solution is possible at all, and how it is related to the Nielsen-Ninomya result [10] is unclear. We stress however, that all results in the section are for arbitrary blocking kernel B. This allows for several interesting choices which still have to be explored.
Chiral projectors
We now show, that the approach of transferring the continuous left-handed symmetries (3.3), (3.4) onto the lattice, gives rise to a consistent set of left-and right-handed lattice projectors. We demonstrate this here for the projectors acting from the left, which are constructed using (3.6). Projectors acting from the right can be obtained in the same way from (3.8) and in the end we quote the corresponding expressions.
It is obvious that (3.6) can be rewritten in the form (a factor of 1/2 was multiplied)
with
Thus we can identify P + as a candidate for a right-handed projector acting from the right. A left-handed projector P − , acting also from the right, which corresponds to P + can be uniquely defined through P − = 1 − P + . Explicitly P − is given by
In order to establish that P + and P − are proper projectors one needs to show that they obey
14)
The first of these relations is trivially obeyed due to the definition of P − = 1 − P + . The other properties are a direct consequence of the χ-GW relation (3.6): One evaluates the product of two projectors and the emerging piece quadratic in D − is then rewritten using (3.6). The properties listed in (3.14) follow. For constructing the projectors acting on the left, which one obtains from D − , one proceeds in exactly the same way (exploring Eq. (3.8)), and we only quote the final expressions:
15)
16)
Comparing (3.16) with (3.12) and (3.13) one observes that the projectors acting from the left have the same structure as the ones acting from the right, i.e., the terms quadratic in D − , D − appear symmetrically.
Blocking parameterized free fermions from the continuum
In the last section we have discussed how the symmetries of left-handed continuum fermions are transported onto the lattice with the help of a block-spin transformation. While above we considered the blocking transformation in the background of a (suitably blocked) gauge field, we now discuss the free case where the blocking transformation from the continuum can be evaluated in closed from. To obtain more general results we use a parameterized continuum action where, depending on the values of some parameters, we interpolate between a chiral-and a vector-like theory. Furthermore we consider a parameterized blocking kernel which allows one to turn on and off mixing between different components.
Blocked action for free parameterized fermions
The parameterized continuum action we use as a starting point has the form
where M q , M q denote matrices in Dirac space, depending on a set of parameters q, q. A possible choice for such a matrix is
The real parameter q allows to interpolate between chiral (q = 0) and vector-like theories (q = 1). For q = 0 M is invertible, while for q = 0, M turns into a left-handed projector P − which has no inverse.
As in (2.1) we perform a block-spin transformation to obtain the lattice action S latt [ψ, ψ],
In our blocking prescription also the blocking kernel B r,s,t is augmented with real parameters r, s and t. A possible choice is
This rather general form allows to switch between several cases: For r = 1, s = 0 one has maximal mixing between left-and right-handed components, while for r = 0, s = 1 there is no mixing. In addition the second factor allows to turn off (t = 0) the right-handed components also in the blocking kernel. This implies, that also the blocking kernel is not invertible for all values of the parameters. Following [7] , the blocked fields Φ B , Φ B are constructed by integrating the continuum fields over hypercubes c n centered at the points n of a four-dimensional lattice:
When switching to momentum space, the relation between the blocked and the original continuum fields assumes the form (again we use lattice units, i.e., a = 1)
Working in momentum space, the block-spin transformation (4.3) can be solved in closed form. Applying the techniques of [7] we end up with the general result for the parameterized lattice action:
The lattice Dirac operator is given bŷ
where
Before discussing left-handed fermions in the next subsection, we stress that the parameterized formula was tested by setting M q = M q = 1 and B r,s,t = 21, which reproduces the vector-like lattice fermions of [7] .
Different choices of the parameters
The result (4.8), (4.9) with the free parameters q, q, r, s and t provides an interesting laboratory for exploring the interplay of the symmetries of the continuum action and the various choices of the blocking kernel.
First we remark, that the result (4.8) can be recast into a second form which sheds a different light on the interplay between M q , M q and B r,s,t . Furthermore in the alternative form the inverse of the blocking kernel is not needed and it is straightforward to perform a limit of the parameters where B r,s,t is proportional to a projector. Simple algebraic manipulations lead tô
(4.10)
For the interpretation of the final results it is interesting to know the behavior of the functions V µ (q). One can show that they behave as V µ (q) ∼ q µ /q 2 for the physical branch , 0 for the doublers . A possible naive choice which is expected to give free left-handed lattice fermions is to set
Thus in the blocking kernel we only allow left-handed components to survive. This choice leads to an operator of the form
This operator is free of doublers and reaches the correct limit of a single left-handed fermion. However, a detailed analysis reveals singularities in momentum space for arbitrary values of c which give rise to a non-local action.
An alternative choice which we currently explore, is to use a blocking kernel obeying
with Q being an arbitrary constant matrix. The target Dirac-operator has the block-form
with 2 × 2-matrices X and Y . By specifying the entries of Q, both χ-GW equations might be fulfilled. The properties of this construction are currently explored.
In the last subsection we have stressed, that for some parameter values our matrices M q , M q and B r,s,t are not invertible -in particular when they become projectors. However, the final results (4.8) and (4.10), respectively, contain products of these matrices (see e.g. (4.8)) such that singularities may cancel, and the limits where individual matrices are singular might still lead to a finite answer. The ansatz (4.14) explores this possibility, but the consequences of this idea still have to be understood in detail.
Concluding remarks
In this contribution we have explored the lattice representation of the symmetries for lefthanded continuum fermions. The tool we use is a generating functional for the lattice theory obtained via blocking from the continuum. With this technique we analyze how a symmetry of the continuum theory manifests itself on the lattice. As a side result we find that using the generating functional allows one also to match the fermionic continuum and lattice measures and in particular to map the anomalies.
We apply the approach to transferring the symmetry properties of left-handed continuum fermions onto the lattice. It has to be stressed that we do not map the chiral symmetry of a vectorlike theory, but instead directly transport the symmetries (3.3) and (3.4) onto the lattice, which are specific for left-handed continuum fermions. This gives rise to the two χ-GW equations (3.6) and (3.8) . These two equations are the direct lattice manifestations of the continuum symmetries for left-handed fermions without the intermediate step of using a vector-like lattice theory. We show that a joint solution of the two χ-GW relations gives rise to a left-handed lattice Dirac operator which also obeys the vector-like GW equation (3.9) , the lattice counterpart of the anti-commutator (1.4) for left-handed continuum fermions. Furthermore we show that a joint solution of the two χ-GW generates a consistent algebra of projectors.
To analyze the approach further, and as a possible step towards an explicit construction, we consider the blocking of free fermions. Both, the action and the blocking kernel have free parameters which allow one to interpolate between chiral and vector-like theories and to select how various components couple in the blocking procedure. The blocked lattice action is given in closed form, and currently different limits of the parameters, which could give rise to chiral fermions are being studied.
